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A stody 1s made of the conditions nesessary for the solva®;: .-
bility and uniqueness of solution of an integral oquation by the
aid of which the outex gravitational field and the shape sf the
physical surface of the earth may de determined.

° A. Listing's Geoid and the Quasi-Geoid

An overwhelming majority of all gecdetic surveys -- leveling, trian-
guleiion, astronomiosl and gravimsiric determinations -- are made or the
esarth's suzfacy. After much calculaticn, they are Zirst redused to &
geoidal swrfece which is coasiderably more even. If ihese surveyr emlreos
a large area, a sescond reduction is necessary from s geoid to an ellipsoid
swtace which 1s more convenient meathematicelly.

-The system now alopted for reduction to a geoid and to an eliipsoid
from a geoid is inadequate. It bas pomsidls inherect con\radictions, since
varions parts of the texrestrial gravitational fiell ere reducei on the
basis of different hypotheses which are sometixmes contradictory. Con-
ssquently. tho resulting discrepencies can be of a systematic character;
these discrepsncies cen noticecdly reduce the acouracy of results in mown-
tein regicne or, after a gecdc*ic translation, over mountaln regions.
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In our opinion, the reluction problem in geolesy 1s mainly complicated
by the traditional _tende_ncy to reduce observations to -one level; I.e.5 b0
s e . © o Tleting s geoid coinciding with the &verage ocean level. Reduction to X
e ) Brillodin'g gocld, enveloping the whole terrestial mage tut too far removed b
SR Zrom & large part of the physical surface of the s&rth, is even more com-
plicated. It muet be admitied thet reduction to Listing's geold is a ra~
g ticnal procedure; but up to the present it has been logical only so long
. 28 the results of gravimetric work were not applied in preparing geodetic
observations and triangulation by the method of rectifying” geodetic lines
from & gecid to a ellipsoid, while retaining their lengths; sc that a rep-
etition of the projection of geodetic gystems from a geold to & ollipsoid
would not hold trme. But the possession of grivimetric surveys, already
made In considerable detail over large crees of the whole earth, make e3- A
sential corrections podsible in the methods of studying the shepe of the :

; Plith reference to this question the following basic ciroumatances must
. b considered: : .

1. The shape of Listing's geoid ig generally not determinable, if
density and dieposition of the mngses lying outside the geold are mot known,
Therefore, the study of the shape of Lieting's geold is partly a geologicel
task, since it cannot be 8olved, etrictly apeaking, before the completion of
8 geological investigation of all the continents.

3. By means of triangulaticn, now used in the USSR as a method of
mrojection, the geoid ie an intersediate reduction surface vhich mat be
oxcluded in the transition to a reference ellipsoid. Neverthelees, it
lsaves troublesome residusl non-conformities because of the differences in
reduction methods.

y, Geodesists are very rarely obliged to make observetions of suffi-
clent accuracy on the surface of the gecics The location for an cbaervation
post with reupect to a geold is, etriotly speaking, not known becauge it is
only with a certain approximation that even orthometric heights can be con-

.- sidered as measured from the surface Listing's geold.

: 5. It is not necessary to connect the bagic acientific prodlem of

- highe» geodesy with the study of Listing's geoid. It would be moro desir-

. sble to strive for the study of ths outer gravitational Tield and the shape
of the physical surface of the earth.

6. The shape of the physical surface of the earth can be detsrmined \
with gufficient reliabdbility on the bagis mly of data obtained from exact .
measurements, i.e., fram the resulte of levelings and of measurements of
gravity related to points with well-known approximate astronomic and geo-
logical or geophysical data need be invclvad in U6 principal solution of

. this problem. This circumetance does not exclule their usefulness, for

. example, in the interpolation of gravity and on many other occasions.
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7. HEnowledge of the shape of the physical swrface of the earth, under ne s

thepe condltions, ‘supplies imiispenseble deta for the solution of all prac-

tical prodlems of gecdesy, rarticularly. thoze origineting in the high-pre-

cision measurements of legreea.” FProbiems in reducing all geodetical elements
moseured to an ellipeoid cen, on principal, be correctly solved.

The last two stetementa above will be corrcborated later.

Bowever, the use of the geold undoubtedly had one positive side: 1%
divided the most inaccurate part fram the unitery, extremsly ~omplex, physical
surface of the earth, a picture of which is given by certain levelingm, 1. e.,
height above sea level. There remained a second, inocsaparsbly smoother part,
1. e., height of the geold over the 8llipsoid. Such & division ig very nat-
wral and rationsl, and .the geoid with both magnituies divided hap an addi-
tional simple phyoicsl meaning. But 1t 1s known that when such e divigion is
achieved in practice a great number of obscurities end insurmountsble d1ffi-
cultles erise. Furthermore, it will be shown thu: a similar divieion of the
terrestisl swrface into irregular hypsomstric and smooth geoidel parts can
be made gradually, without recourse to Listing's geoid, by examining a cer+
tain surface close to the geoid. This ewface, unlike the geoid 5 is deter-
mined on the basis of employing only data from ezact gecdetic measurements . 2
without depew'ing on this or. that notion of the structure of the earth.

As we ghall gee lat~r, the surface in questiin is charascterized by &
disturbing potential on the terrestial gurface, ani ite heights are ob-
tained like the quotient by dividing the disturbing potential, at a given
point of the earthis surface, by the normsl value of gravity, calculated in
& correspording manner for this point. For the seke of definiteness we are
obliged to introduce a new term for the surface in question; let us agree
to call it a quasi-geoid. In the problem under consideration the quasi-
geold 1s introduced to separate the less emooth from the emooth parts of the
earth. The former 1s determined by integration along the contour, and the

e second 1is obtained by solving a boundexry problem in the theory of potential.

On the ocean plane, the quasi-geold coincides with ( geoid but on
Ty continents the quasi-geoid can be taken, if necessary, es an approximate
expression of the geoid shepo. : -

We nmst consider, £irst of all, how to geparate the irregular part

in the shape of the earth, which we shall call "ths heigat of “ne point of
the surfece of the earth with reference to the quasi-geofd ," or, more briefly,:
the "reference Espomogatol'niy, literally auxili height.”" It would be
advisable to determine the reference heights so thet they would be suffi-
ciently close to the orthomstric heights. However, the usual orthomstric )

P correction does not entirely do away with the dependence of the result of

b leveling between two fixed pointe on ‘the position of the guide line connect-
ing them, which must have an effect on the dissimilarity in the heights when
polygons of high-precision leveling are formed. The refsronce heights cen
easily * . determined in a manner which will completely rid them of tuis defeét.

B. Reference Heijhts

Let us cunsider the normal potentis) field U, formed by the "comparative
earth” in which all messea are incluied irside the 8llipsoidal surface of the . e e
1svel, characterized by the dimensions of the semiaxes &, 8, b, the unguler ’ i
velocity of rotationw and the velue of gravity on its equator ¥ . The .
- potential will now be uniquely determined at any outer point of space by the o
coordinates of thie point. It is ~cnwenisnt to select for our purpoge the .
v ) coordinates iescribed belov. Let us drawv through the apecified point a
coortinated line which will te & line uf intersection passing through this
point of th. ieridian plane and the hymerboloid focal to the loveled ellips-
oid. The location of the point to be determined in apace can then be described
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by an angle, tangent to this line, {arawn et the point of 1ts intersection .
with the solii leveled ellipsoid) with the plene of the equator and the
angls of the meridien rlene, 1n which thin tangent liee, with the plane

of the originsl meridian, (latitude 8%, longitude I*), erd also length H#

B of the segmert, of the line of force from the given point o the leveled

' _; ) ellipsold. :

We can regard tho potential of the resl earth
W(B> L% H*)m Wy = § 9d H
as known (correct to an additive constant Wo) et all points of the physical
syrface of the earth, and only on this surface; whereas it is not deter-
minable at all other points of space without knovledge of the shape of” the

earth, anl the density of the attracting masses, 1 it is a gquestion of o : .
internal points.

Thus, we can elso fcrmilate an analyticael sxpression for the disturb-
ing potential T « W - U, but only for points of the physical surface of the
earth., But since the shape of the earth is not lmown, the trus ccordinates

of these points B*, I%, H¥* are unknown to us, However, we can coungider the . >
approximate value of the coordinstes B, L, ¥ as ¥nown, vhoreby the magni - ‘ !
tudes .
AB=B*_pg
AL=[*—/ @
F=H"~H

ars go small that their seconi powers and produncts mey be disrsgarded.

For this resson, in all further caloulations, only terms of the first order
relative to 4B, AL, £ are retainel. With these aspumptions, let us expand
the expression for the normal potential into the Taylor series:

T(B* % H®)= W(;BT(L:‘H)j")—u(B?H*)= e
— N - 2UBH),  U(BH (2) ' ‘
W, f,aH U (B H)=- 253 UBH) | |

In this expression we can disregard the tarm
LU H) § g 23U (BY) a“l’“‘g”) HAB,

because ov=u when AB : C46 an exrror less than 10~6 ¥ will be introdused. : i
! It 1s edvisable to determine the subsidiary height 1 with the help of the

equation
- S‘-gdH=U(B, H)—U(B 0j=U/ (1B H)~U, (3)

which has a simple physical mesning. It indicates, namely, that in ' :
caloulating the reference height H by the difference of the potentiala, we e
assume that the potential field of the earth is normal. Undexr conditon (3)

. We obtain fram (2) a relation snalogous to Brown's x+1l-known formmla:

' UCB.H)
- T(B5 L )=~ 2By )y Y (BHM+ w4 )
> vhere Y(B,E) 1s the normsl value of the scceleration of gravity at the a

point B, H, and the constant term W, - U can, if desired, de reduced to
zero by & proper selection of a swrface of reference.

Equation (3), as far as its left-hand term can be considered as known,
can be used in calculating H directly, if an exact analytical term is employed
for the normal potentisl resuliing from ihe theory of "Pitsetti” and
"Somil'yan® / translitiration /. However, in order to facilitats caloula-
tlons, it 3B Detter to expand it into a series which converges gquickly in
this case; besides, thers are sufficiently detailed tables for these coeffi-
~lents.
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o Thuss, to determine B dot us obtain the equetion ‘

‘ N T D
— Qoh=H g+ £0 SHL o S+ o

Granting. when E - 10 lan, & relative exrroy of not more then 1.10'5,
in the terms of the sucond and third order, we need not consider crmpression
anl essume with above-mentiored accuracy tha+:

—Sya//#:-—/ H_v(B o).

.y ]
3 (5)
where, as ve kriow:

Y(B,0)=Ye (I+8 :/niB—él S'n“‘z B))
amd R 18 the average raiius of the earth.
Sterting from (5) 1t i1s not difficult to £ind & convenient corrective

formila for our calculations for converting the difference of the observed
heights of two points into the difference of their reference heights:

B 3 (HI—H,)=;£-—” [Z A9,AH 4T (v—v5,)8H+5 (v~ Ya)H:*“z)]“
i Hi s (6) :
or R

%{ﬂz-—f/,>=7’m[§gg,;4+/+z (y— YM{AHt ‘

N - + ] (v = v, +H, )+ L (W —H,)]- f-’&%ﬂ_'- .

vhere Ag, is the anomrly in free air, calculated with reference to the
normal formula 7'(B,0); Aggis the 'Buge” [/ transliteration / ancmaly,
caloulated with reference to the seme normel forpmla with the coefficient K
of dependence of the anomalies on the height; ¥/ and yop=m P Ta1g the
normal accelerationof gravity at the final, @ ing, an{ intermediete
pointe.

The anomelies "in free air,” or the Buge anomelies, werve in the
last formula only for the interpolation of the values of gravity observed
at discrets pcinta at all intermediate points, lccated om the smxface of
the earth. Therefcrs, the difference between formmla (6) en? (7) consist: .
only in a variation in the methods of interpolating anamlies, so that they
cen, vitk a very dense system of gravimetric points, produce identical
results. However. in mountain districts, for a fixed Aensity of points,
formula (7) will leed to better results.

Hence, we have demonstruted that reference heighta are completely
determinad only by the results of certain geodetic moasurements and that
e they can be celculated more simply then orthumstric heights. The differerce
~ of reference heighte is a campletely determined fmction of the initial and
final leveling roints ani does not depeni on the position of the guide line.

C. The Integral Equation Determining the Shape of & Quasi-Geoid

It is now necessary to show that the shaps of & guesi-gecid can also
be detexmined dy the results of certain geodetical measurements, without
Tecourss to any other data. Iu our determination of referen-e heigiita,
the quasi-geoid heighta are determined through the equaticn:

T Uy —W,
¥ Y {8)

. . -5-
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The velus of the noms) potentiel I, vn the ellipsoid of reference . . . p

S Coeen e eeelled Yoowuny I ki ewlaxes of tHIG ellipaoid, the angular velocity . ) o
of rotation ani the normel value of eravity ut ous of its points, e. 8., %

on ‘the eguator, are given. i

) The value of the potential W_ of the real earth at the inttlal point of
e levelings (the average ocean levef) is unknown. Since the dimensions of the
e potential are expressed by the product of acceleration and length, it is
. obvious that it ie 1mposeible to detexrmine Wo by msans of pure gecmetry
vwithout haviang recourse to the results of lipear measuremernts (the dimen-
aions of the surface of reference cannot alvays be exactly fired for the
Y amount of centrifugal accelerstion). Therefors, Stokes calculated the
s alevationt of a geold from the surface of reference, with a volume equal 4N
i to the geoid, and Pitsett! calculated it Trom the surface of reference, for
vhich Uy = W,. In both cases the mitual dimensions of the surface of ref-
erence remained unknown ani depenied on determination by the eil of degree
noasurements in which the linear measuremsnts wers the most important; It
is e2sy to transiate the values » caleulated according to one msthed to
values obteined by the other method. Ps

ihe N. R, Malkia (1) finds a nonconformity with Stokes*® solution when
the texm Up = Wy in "Brung" formuls is rroesent. It 1s possidle to agree,
et only according to the interpretation given above, connecting this case
vith the obvious fact of the impossibility of determining the dimensions
of the earth by gravimetric observations alons. The sdditional term depend-
ing on U, ~ W, introduced in the Stokes' Pormuls by Malkin has & simple
meaning: it expresses. the change in an elsvatasd geold in tramsition from
tho surface reading in which the potential equals Uy to a surface in which
the poteatial equals W,. Increasing from this point, the additional effect
on the ..flection of a piumd lins expresses the distortion of thu.line of :
force of the normal field on a segment from cne surface reading io the v
other. '

The normal value of gravity 7at the magnitude assigned to it at the
oquator and for a given oblatersss doss not derend in practice on an error
in the major semiaxis c¢f a normal ellipsoid. Hence, without changing 7
and leaving the reference keigits unchanged, w. may assume that a has a
valus auch that in (8) U, = W,. ) .

Thoreby we exyress the fact that it is practically impossidle to
determine ¥, or & ~ithout bringing in the resulte of linear measurements
o and that & 1s to be read from an ellipsoil with an unknown ma jor aemiaxis : _

: on the surface of which the normel potential equaly W,. After defining »)
the elevations of the quaci-geoid with respect to this ellipsoid, we may Vi
pozs at will to another ellipsoid such, for exampls, that fts volume is
equal to the volume of a quami-geoid.

, N Accordingly, we 6kall assume for the present that U. = Wo; it 18
T Possidble to get rid of this essumption withcut any special difficulty ani
this will be done lnter. -

. The aearch for ;‘ » oousequuntly, amounts to determining T on the
Thysical surface of the earth, becauss now: ;
' ;‘g "‘T ]
From the definitisn of the disturbirg potential it follows:
oT 2w 3l

v Qv v

(2)

-6 -
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Lere derivetives ere teken with respert to the direction of the
cocxuioate 1ler ¥ owithe e-relative orrox of 4hiv orler:of the square of-
defleccion from the perpeniiculer, the vzalm-g-)-‘:-’ on the earth's surface
c¢oincides with the obsexwel velue cf grevity g &ni consequently:

( oT ¥ S
Sv H+o
With the nawe degree ¢f accnracy, we obtain:

QT) ) p
3T = » (V) H+=( Y)/'/ +f'-——>-,
( H+£ ( ov i= g
5o that'
) — T T e o7 .
- (9 -y a U
bd 9 v/H (10)
flew £inding T 18 reducsi to aolving ths third boundery problem
of the theory of potential: the function of T wmet now be such that it
satisflies coniitions (1C) cn surface S ani 1% must be a hermonic function
of the coordinntes onteide S and be reguler et infinity, In this problem,
ourface S 1 the first approaimetion to the earth's shape resulting from
the reading of the reference heights only above the ellipsoid of reference.

In shert, the solmtion of this problem s like that of (2). Assuming
that tho specified peint is located on surface S, we apply Grsen's formula
to the disturbliy poteatial:

. ;s
= 6T | A
il 272
K

2
We shell express the derivetive Jx with respect to the direction of
the normal to & bg the derivative with respect tc the direction uf the

cooxdinate line and the derivative with rospect toc the direction 7 of
that tangent to S which lles in the same plane ee the Airsctions nend Vv :

2
FLY

where 0( 1s the angle between the dirsctions n and v .

nsSe,cot—-—Tga >

I.n orthogonal curvilinear cooriinates H, B, L in which the differentisi
of the linsar vlement dl ie expressed by the quad:aaiv Lorue

2 2

< Jit = jrdH*+42dBHhidL

1 is connected with B and L by the equation of surface S and the derivative

with respect tc 7° 18 defined by Zormmle:

h
190‘:3:-3’-:},’- .2E 9K ..f_ . at.@.ﬁ .
o8 28 38 };2 oL sl
Here, in the {ifferentiation of B anl L, the function ¥ 1e reguried as 2

function of only two of these srguments (inssmuch es the dependence of I
on B and I 18 determined by the form surface S).

Introlucing for the sake of lraviiy thy operater D (F, ). vhich
symbolizes operation upon F and H effected in the rlg,}*t-hand li’le of the
last equation, vo shall ohtain.

tg ot—-=D(FH)ws°‘
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po that F ‘ QF
%:Jecﬁ;;“[j(fﬁ)a‘sa_. )

If ve introduce a gocond differential operator

A F=1L 13 (hh, 3F), 2 dF
: “’1&"/ 3B Wé{‘?ﬁ)

1t will Do pomsidle to prove the absolute dentity of:
D(F Hlces ad s == -—§ FAd,HeosmadS,
(12)

It ie now poseidle i Green's formla to oxmun-}%_-by T enl thersby to '
obtain & linear integral equation for T.

Making use of bourdery condition (10) » wo reduce the problem unier
songlderatioi by the sbove metliod to the following integral equation of
the Fredholm type of the second oxder with a peculier unaymmetricel inte-

T Hsﬁrf:acds‘f“zw T[a: no«-—,r-%uc ® -

<

s 7
-/ -
-2 D(T- ,H)coso(— —", A Heosx {;/; . (3)

D. Conditione Governing the Bxistence of & Solution

Btudy of equation (13) 1a complicated by the fact that its integrand
becames infinite for r - 0 and as pexrt of an integral equation it exists
only in the aense of Cauchy's principle value. Hsnce, it 1s not poasible
alweys te transpoos “he order of two succesalve integrationm; chiefly for I
this reason, the conclusions of the general theay st be accepted only ) y
vith great caution. Inesmch as the 8ingular point of the integrand 1is &
pole of the seccnd, 1t fw impossibie to afflrm that, aftor the last repeti-
tion, the repeated integrand will be finite.

Yith the aid of (11) 1t s rosaidle to write this equation iu such a

forn ac: 4
2 1 .2 miL -
27T T[jh‘—,,—r'av Secm-—D(,.-'H)C’S“ o

S
_%-A;Hco\s ‘x] dS=— S—L}rst-o(d& (14)

Let us construct a hamolous inteagral equetion, ccmbined with that
J v €lven, of such a nature that integration in it will be carried out with

= Tespect to the second argument, with respect to the coordinates of the S
specified point; and that the first argument will be regariel as a fixed

paremster vith respect to integretion cver the swrface.

T

4
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o et us remember that—,'-“ 1n this equetion is a function of two arguments --

s ) - = functlon of the coord' ates of the present point to which the eloment of -

L ) surface dS 18 related an: & function of the location of the speciffied point, !

the cooriinstes of which enter into-t es parameters. The expressions of ’ , 3

H, )’,%t » and the cperators-Z. and D as well, of oourse, depend on the

coordinates of the 2lement of ﬁ'ftagration and not on the second argumsnt.

Taking these remarke into consideration smd denoting by M the unknown
function of the combined equation, we obtain:

[
AT :.)ﬂ(;:ﬂ‘lg_)d‘s_.(ﬂ.');.g—f;e; A cos ogA,,H) S’;"Js—
" S

S —cos « S,«ﬁ(—;";H)JS.
S : - .

Nav;?—,-denotee differentiation with respect to the direction of the -
normal to the surface 'of the ecarth at & specified’ point and the operavor Dg
is & symbol of differentiation vith respect to the sscond ergusent (being
the paramster in the combined equation?oin the constant plane tangent to
the suxface of the eerth at a specified peint.

Chenging the order of differentistion amd integration of the perameters
in the lavt equation, we can write it in a different form:

— . .
27’“""3». S-rdc%s" 'f ‘—seca4 cos o(A,_H) 5.!;: dS—
—Cos &R 5(‘)

oY
v
(e as H). ap

' For the solution of equation (1k), i1t ie necessary that any solution
. of equation (15) should be orthogonal to the free term cf equation {14},
satis?ying the condition: :

S',L[i;_‘.’;ec « 45] ds=0. 16

In fect, muitiplying equation (1k) by u and integrating over the whole
surface 8, we obtasn: .

ar I'Tﬂ—,u T[_a__;_'_L 2 en—

Jdn  FY 2y

~

"%‘A;H—E(—L—, H) cos o(] 4#15‘:8#[8#’5“ adS |dS.

: Changing the order of integration in the left-hami 83de, vhioh is
possible bevause one of the integrals is an ardinary one, anl integrating
e the firat with respsct to the gsecomi argument, ws f£ind thet if 4 satisfies
equation (15), the left side wiil de Teduced to zero ani, consequenily,
sondition (165 should holi txrue. It 1s for this reason that the necessity
for this condaition arises.

Proving the edequacy of candition (26} in molving eguction (14) is
mch more compiicated.

L

ia
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: VY. 2. Kupradze's article on "Scme Feculisr Equations of Mathematical
I-'hysics'[ 3_/ ouoted the basic remilts of . Glrsui's ressarch. . Girsud
yroved for equations of a ciriler type the followirgz. theorems, which are. ..
vell-known from the theory of regular equations: .

(1) A finite number of linearly iidependent solutions of a homologoue
sguation corresponds to any pole of a resclvent;

(2} A cabined equation has the same mmnder of 1linsarly independent
golutions; .

(3) The necessary and sufficient condition for solving a homologous
oquation 1s the orthogonal character 'of the right-hand side of the eguation
with respect to all solutions of & homologous combined equation.

It follows from the last thoorem that fulfilment of condition (16) ts
both necessary and sufficient.

Changing the order of integration in (16), ve can put 1t in the follow-
ing form: :

fAlg=—Y)sec ads=0, (1)

vhers
A P AN JS
S ! '

Now equation (15) is written as follows:

) —.
-;-37—1 p= -; B g—:—/é’ecd—}-b’fddgﬁ) A—cas “D{&H)(w

Let, us try to omit M fram this equation since in comdition (17)
only A enters. For this purpose, lot us dear iu mind thet A =ay be
interprcted as the potential on the surface S nf a simple layar with
density A4, as shown by equation (18). Derivatives of the potential .f a
simple layex with respect to the airection of the tengents to the suxrface
are continuous. The normal derivative of the potential of & simplm layer
on swface S e{perienoea a discontinuity; whareupon the discontinuity anmd
the values of 22 on the surface are detor—inel by the well-lmown formmla of .
Foisson anmdl Plémell [ trensliteration /: :

32 _3ax _
3’)‘!1 3”5 —41"’"
19X 1 ox ] _ 32
2 ahi +3n. —37" ) . a]
dence the left-hand side of equation (15) equals ———.

dne
3l :
The valus of A & e O swface 8 are counectal with Green's
formila: e
. L
a

) A=—2—;S!_, 23 ) E;J]as
-
~ - 16 -

4

- . . N ' - RG]
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Substitutirg the right eids of (15) for ) - here, we obtaln & linear
integrel squation wiich mugt-be satisfiel by the function of X :

| =L 1Y x a1
) A i A ry-:)—;.fevco(-k %‘AzH_;:-_c?_’“B(),H) ds. | v

It is easy to simplify this cauation. In fact through (12):
(2 rms Has== B(RsH)eosads
It follows from the definition of the operator D that:
~ 72 =7 -
B4 H)=25(% H)++B50H)

9
Taking this into consideration and substituting for —f ite value &s
obtained according to (11), we shall find that: A

|
2TA= ‘)\(—;——T——_ﬁ;.ﬂ secd S,
\ v (20)  Wiims

18 a lineer integral equation with respect to A (egain with a special e
invegrsl)., We urc now more interested in the function of . In fect, ™
for each soluticn of (15) there is a single value of the fuactiom of X , ™
since aspignment of the surface simply determinee the potential of & simmin
layor. On the other hamd, eearch for A according to assigned values of A,
<hat is, the density of the suriuce layer according to the value of its po-
tential on the surface amounte to the solution of Dirichlet's outer and
- inner problem, cince the density of the layer can be exprocssed by the differ-
v , ence between tho outer and inner derivatives and the potential of this
layor. As we know, this problem is always capeble of solution and, more-
over, of a unique solution when the hypotheses about the nropertiea of sur-
L face S are sufficiently troad. thus, A and M are simply interconnected end.
. - the numbor of linearly indepenient solutions (15) a:l (20) are identical.
’ ° The lattor circumstence has an esaentiel signifizance for us. Inasmich es
i the nuwmber of linearly indopenient solutions of a hemologuas eyuation corres-
- ponding to th. complote eguation (14) ard the number of such solutions of
equation (15) cambined with 1t are identical, it can be affirmed that the
; number of linearly independent aclutions of hamolosous equation (20) is
equal to the owuber of linearly independent jolutions  of the homologous
equation cbtained from (14) by eliminating the free term. BSince the question
of solutions for a corresponding homologous equation has an esssintial signi-
ficance in studying the conditions for solving (14), we shall explain the
number of cuch linocarly indepenient scintions of (20). For this purpose, Yot
us set up en equotion combined with (20). Proceeding enalogously, as was
done e-rlier, and calling the unknown function of the combined equution f y
- we shell hove: .

27 p=sec af—y-g 2 Js--sec «--’)—,-%Sfclg(al)

Consideri g ¢ as the surface density of a simple layer rng, introducing
the function w , the potential of this layer et any point of .urfuce 3,

R ve obtaln: .
) ‘ 9 Seed -
sec & —ﬂ SR LA S 4 . .
1= EM Yy v ¥ (22)
' -1 -

CONFRERTHL
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Iet ug beer in mind thet the discontinuity cf the derivative of the ' i

. votential of the simplo layer with respect te the direction forming. the
engle & with the nermel, is equal to 4 g cos & . Hence

]

%

2 andt . | -

o 4 Ve (23)

Ipasmuch a8 cos amke 0, instend of (22) we shall odtain: 5

¥y Y, '
Yo Y W% (2h)

This eguation 1s eguivalent to (21) in the sense that for esch solu-
tion of one of these equations thore 1s a correuponding unique solntion of
znother equation which, as bofore, follows from the uniqueness of the solu-
tion of Direchlet's problem. 2

From (24) we £ind that:

2ny L 2inY
dve due g (25)

or e

=H(B% L") v.
Y=0( )y (26)

The solution (y = 0 does not intersst us.

Thus, (21) is capable of a solution differing from zerc if thers

are harmonic functions satisfying condition (25). For each of auch
harmonic functions there is & corresponding solution, differing from
zero, tor the solution of the homologous equation obtained from (1h).
It 1s ea@) to seo that this condition is sufficient divectly from the

" original equation (14). Once the hermonic function satisfies (25), it
also satisfies (24). This function will also satiefy (14) if the encmalies
are corresponiingly expressed.

In fact, since -;
9_)g._ﬂ+_’..3_y T,
dv )’ all (10)
ve may feel gure that when T = / , on thr besis of (24), g - Y= 0

and consequantly ¢/ is the eolution of & homologous equation corresponding
to the left side of (1k).

In the genaral caso where the surface of refersnce is of a complicated
structure, the problem of the existence of a harmunic sclution satiafying
cordition (25) has not been campletely studied by us. The simplest case
has the nreatest practicul value, wiere tho derivative ¥ 18 cousidersd )
constant (tho coefficient of reduction in rroe air). In®Ypure form it X
coxrespoi.is to the hypothesis that the surt'ace of reference is a sphere.

Thva, if the surface «f reference is a sphere, Yrﬁ', where @ 18 the
distvance from the origin of the coordinates and M is a conetant proportional
to the mass of ths earth. Since the potential ¢ nutside £ should matiefy

laplace’s equalivin, wo should in this cumwe, consider ihat

" Y, -,
B(BrL") =gt =i y=11,

CORFRERTIAL
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vhere Ty ia eny spherical function of the first order. This means that fery

we have three linearly independent stlutions ,8iace an arbitrary spherical -

function ui the Iirst uruer .s the sum of threo linearly irdependent func- .
tions. ' . X

N Hencs, in this case equstion (24) and, consequently, (21), {(20), {10},
: and, finally, the homologous equation obtained from {14) have three linearly
o . independent solutions apiece. . !

E. Physicel Meaning of Solvability of Conditions

Thus, when the aurface of reference 1s a sphere, there are three
lnearly independent funciions A,, A, ani A, , which satisfy equation (20). e
Assigning to the surface the combined valuesg-¥Tor the molvadility of (14) R
should satisfy thres conditions of the t'pe (17). The valuegeyhas, in fact, -
been obtainad from cbservatione, messurements of gravity, leveling, and
astronamical work. Will the conmditions of (17) be fulfilled if the msaaurs-
ments are mads with perfect accuracy?

iy ' To ansver this question let ua carry the study of (20) further. Turn- ‘
i ing to apherical cocrdinates lot ns introduce instead of A e new function g, :
connested A by the relation: ;
Ve shall have aa a result:
A 8y
Y 3 = :
Now equetion (20) can be put in the form:

A 34
2mecai= o (240 30)4s,
(28)
Dencting hy @, the value of the ralius vec*oc- for a epecified point

and by ¢ the ang.e betwson g, and o , let us make use of the well-kmown
relationship between these mngnitudes amt e:

Prame't o} —2pp,ces g

Hence:
‘ a,‘F_‘paCOJ'(’—P > a_'l:‘ = Pcu?-.p‘ |
2 oF: re (29)
' ]
! o~ S ok
-,-+p—-»a€’ =—p,=L .
(]
% e
Kow, in place of (28) we obtain:
e eeaed € e 3 C o e B
< I g vy T 6 J’. uv—x )7 av (30)
. R
- ]_3 -

N -
5

oy Approved for Release 2011/07/18 : CIA-RDP80-00809A000600231031-1

» T em

Bl Sanitized Co




L

- Sanitized Copy Approved for Release 2011/07/18 : CIA-RDP80-00809A000600231031-1

The term2Wocosex on the left-hand side aquals hald the gap'in the
- &iscontinuity of the derivative of the potential of 2 mimple layer of L
density g~ with respect to the direction forming the angle X with the '
normal, thet is, the direction Py . Therefors, introiucing the auxiliery

function Uy, the potential of a simple layer of densitye- at & point lying
outaide B, let us put (30) in the forme

U= S—fw ds

(31)

p @
Tho outer derivative is taken off the left-hand side of the equation.

The funoction

, (32)
onteide the surface satisfies Laplace's solution and eguation (31).
Twe Y of Laplace, Yy, depends on three linsarly indepeudent funoctions, to
each of whick there corresponds & unigue and completely definite value of
the density o ..

In fact,
=t (Ui 3[1) .
?—T — e 2
' '(a" and’ (33)

vhere Uy is the solution of Direchlot's outer prodlem corres ding to the
boundary value of U;. 8Since a single combination of values corresponds
to the assigned combination of values for Vi on surface 8, a que and
fully definits value ol o Wwill vorrespond to each value of Ui. It is
possidble to reach this resull, if we stuuy tac eguation obtained fram {30)
and (32):

2"‘¢r-ccsa(=Y; _..éﬁ;. S%c/s' ’

(3v)

48 a result of the tramsition from A 100~ , with ths ald of (27) let
us put the condition for solvadility in the following form:

Velg=V)pds=0, (35)
or, eliminating o~ by the aid of (33), in the form: :
ol

5 -3 pas=o

1ot us atudy‘the function
=t (o
V=713 (€ 7)-
‘On surface 6 and by virtue of (10)
-outajde the srrface 8
AV =2,

N & . ' X A At ;
Sanitized Copy Approved for Release 2011/07/18 : CIA-RDP80-0

0809A000600231031-1 | .



~ Sanitized Copy Approved for Release 2011/07/18 : CIA-RDP80-00809A000600231031-1

If vo assume the existence of three derivatives of tre function T,
that 1g, thet the volums denaity of the msawes genereting potential T is . .
~ & differentiabls continous funciion of the coordinates, it can be shown
that for the volume of a finite surface S

(oY avdr=0o.

Fow, making uee of the equation

PA (pg;?z)*%(pld T).-

readily verified by the aid of Iaplace's weli-known exprossion for the
operator in spherical coordinates, we obtain

dy=44 T+e§-'P-AT.

(40)

(51)
Bubstituting (41) in (40) ard considering that: o/7 = pdep o,
vbere dew 18 an element ui a 50118 apgle, ve find that: '
(eYavdemq ggpa Y,aTdpdw-{ ot Voo A Tdpdn.

Let ne convert the sesnnd integral on the right by integration by

parts: P
S-ri-..ﬁ Y, 3 4Tde=lpY,4 Tf "‘4§e“ Y aTde;
° H

ve shall then have:

SPY,AVJT==§€4Y,ATJ.~. |

Un the basli of the by :thesie if continuity of AT, we must essume
tast A Tem 0 also or garface 8 and, therefore, that the right side of the
last equation "3 beon sbown to be equal to zero; this preves the correct-
ness of the assertion made in formula (40).

Let na study condition (36), writing it vith the aid of (38) in the
followirg manner:

f(i‘ﬂ'_ dUe\y 5=,
o on /

The functions V and Uy, harmonic autnidu's, are regnlar at infinity,
aml therefore:

AAing the last two cguations and Pooring in mind ket UiwroTy

on the swrface 8, we eliminate the unknown runction_;__tham obtain:
n

S( vy - u ) ds=o.

-15 -
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Comertibg this awrface integral by means of Green's fornula to a
volure. dntegral ani noting the. hermonic. rroperties.of. the funition Ty
inside: S, let us reduce the condition under consideration to the form:

SUiavdr= o s2)

But we have shown that U; : Yyg,and therefors condition (42) coin-
cides with the d.emonstrated equation (40).  Just e9 three arbitrary
peramsters form part of ¥, so all three conditions ae we have meen,
puperimposad on the anomo}.ies g-Y, are themselves satisfied.

Thus, 1f the bourdary values g-Y are not arbitrarily assigned and
have a definite physical significance, being ovteinad by observations
and, consequently, correspondling to same distribution of massea, the
conditions for the existence of & solution of cur problem mmst be satis-
fied; these conditions can sovern the accuracy of observations frm which
the boundary values are obtained.

The hypothesis of the differentiability of volwme density can
possibly be eliminated by fwrther extensive demonstrations. But in this
physical problem this hypothosis seems entirely permissibdle to us. In fact,
the number of surfaces of discontinuity in the density inside the earth is
finite and, consequenily, in a sufficiently fine layer, it is posaibie to
redistridbute the masses in such a way that the density st any point can de
difforentiated. At the sams time, the change o the outer potential field,
ag a result of the redistribution of masses, will be less than any previously
apsigned magnitude if a sufficiently smell thickness of the layer in which
the redistribution of masses takes place, 13 selected.

F. Conditions for a Unique Solution

Beturning to (14), we can now verify the fact that when the boundary )
veluos are correctly obtained this equation can always be solved but that
ita goneral solution comprises three arbitrary constants in accordance with
vhich the solut.on ot & homolagovs equation is made up of three iinearly
injependent functions. It is not difficult to obiain this general solution.

Lot Ty be the partioular solution of (1k) and T2 be the gensral solu--
tion of the homologous equation corresponding to it. Then general solution
of (14} will be egual to the sum:

T=T,+ Tar

The reason for the second {eim is obvious. In fact, let us displace
the sphere of reference in scme direction; it is svident that for this die-
placement we are providing for three degrees of freedom. Now the potential
developed by the eurth of comparieon at any point of space in S and outeile
8 changes to the megnitudefi , where Yy is Laplace's Y of the first crder
and dependent upon thrse clnbtenta: threo coordinates of the center of the
displace surface of reference relative to the original pesition of ite
center. A now value of the disturbing potential and a new value forﬂvill
correspond to the new poaitior of the surface of refsrence. ”® .

But thereby the sum

3T+ "'—I——(q—Y)
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in not chenged. Consequently, for the new position of the surface of
~ reference: e e ; N o L e .
2 + o
2-1(7- +..K'_)—-'"—- “‘YJ'GG“JS"" ( H ‘-—. X ds; 1
! o i-r-— | T,'f';;;) 3% <+
After calculating therefrom eguation (1h), which by agresment s satis-
Tied by the function Py, wo may feel certain that the funation Y, sattsfiee
the corresponiing homwlogous squation. Therefcre, ‘a'k
'T‘;_ﬂ Y, »
pl.
dnd the gensral solution of {1h) is wuch that:
=7+ L .
. P T (43)
The carractnoss of the result obtained is sasily verified by direct : ;!
caleniation, but we shall not do this y -

Eliminating the comition Uy = Wy in the last equation giving the -
genoral golution of the injtial equation (18), we obtain the gemers).
szprension for J @

. ;=_;t_+_z,+.gl_:';WL.,

(4%
Vhere Ty is the particulsr molution of (14) and Z; 1s a derivative,
spherical function of the first oxder. : ’

The physical significance of the multirlioity of solutions obtained
is clear: here, just as in the general case, the dimensions amd position
of  tho swrface of referente remain indeterminats, Consequently, in this
cage also it 1o possible to introduce a cundition that the volumes of the
quasi-geoid and the surface of reference be equal. Such a condition is
geometrically more obvious than the equality of potentials U, and W, or
the equality of the messes. Mcreover, it is possible to demamd The comdi-
nation of mess centers or, ajein in the interest of gecmstrical obviousnses,
i %o comb. ne the ownters of the volumes of ths quasi~geoid and the swrface
i of ref..snce. I{ is essy to oxpress these gecmetrical conditions in anclyt-
ical form. :

The comiition of volume equality
S;Ja__%n"'(llo"Wp; dgm=0
Y

pernitc determining Us - W, (the term with Z; drops out). Here do 15 an
vlemsnt of the sphera’a surface.

The sordition for combining th volumo centars -

&

?‘

(...
J

- 17 -
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vhere () is calculated from ar. arbitrery point on .the aphers, permite ' .
defining all three coefficiente entering into 7. . The megnitude of the .-
second integral on the right vide of the equation is negligibie, and hemce

the position of the center of the volume 'can be dptermined almost iniv~ i,
pendently of U,—¥,. b

Howsver, vwhen the volums centers are cambined, the rotation axes of
the resl esrth and the earth of comparison do not coincide and the potential
of ‘centrifugal force enteés, to a slight degres, into the disturbing potential. :
Hence it 1s better to demand the coincidence ol the center of inertia of the s
earth with the center of the sphere of refereace.

This condition ia expressed in the following form:
%L\ TeZ,dT=20,

where Zy is uny spherical function of'ths first oxdey. By means of Greent's
formala the wolume integral on the left-hand can be converted into a suxface
integral:

aT 3
S[’S;{ (’ZI“Tﬁa—;(PZ‘)JG’\Szaq

If wo substitute here T from (53) and inehwle as beforeja—rv and utilize
the fact thal the thres coefficientc entering lnto 21 are arbit;'ary, ve obteln
three equations for the determination of the threé arbitrary constants enter-

- ing into (43),

G. Representing Parth's Shape by Density of the Surface layer

A f Iet us turn to equation (21) and examine it and the heterogeneous
equation

"ﬂz’nr cos u—% S-;EJS + T"/ .i’:&ﬁlds‘cg— Yoo ()

It is evident that (20) will combine with it; but the cendition of
solvability, formula (17), ie general for this equation and for the ariginal
equation (13).

Consequently all conclusions reached in etudying (13) are fully epplica-
ble to (bS).

Let us introduce the auxiliary junction T' ~-- the potential of &
simple layer located ocn surface 8 of demsity q)

'=§-;ﬁ45.
: (46)

The value on surface S derived from T*' in the direction . forming
the anglo (n, m) with the direction n of the outer rormal to 8, 1s expressed
by the well-krown formmla

ﬂ;l L ,c2 os(m,m)-
S ans, d$ =27 cos(mm o)

' SURATERTIAL
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With the aid of (46) erd (47), equation (5) can be written in the
o ' oT I, 3x

?Ve Y aV T‘l’g_‘“{y—y).

50X1 -HU

(48) ‘“‘..

Calculating (48) fram (10) and following the reagoning given at
the erd of Section D, we may feel certain that, in a case like that
strdied by use of a spherical surfacs of reference:

- Compearing this result with (43}, we reach the conclusion tkat any
eslution of {k5), after substitution in (46), leads to the particular
solution of equation (13).

Hence the two equations (45) and (46) are eguivalent to equatien

.

For the two surfaces of referemce we obtain by the aid of {29):
3y 2

. —
14 av '’
O | erge
o T (49)
‘ @ 2p,r3
Now equation (45) 1o greatly simplified:

> mpt
2uPcosme (9= Y) +;%" Sg d$+5";:se ) id Pds'(50)

After P hae been founl from the solution of this equation, the
height of the quasl-geoid may be obtained from (46); and (A7) w211 permit .
determination of deflectiorns of a plumb 1line on the vhysical smfTace of
the earth. .

Ar'ter deternining the heights of tho quesi-geoid and the deflection
of che plumd line, wo¢ can pass from surface S reprysenting the shapo of
tne earth in the firet approximation, tc the new surface 8¢ » obtaired by

: adding the heights of the quasi-geoid to the 1eference heighta and also
*> by coxrecting the astronamical scoxdinates by means of the megnitudes
obtainad for deflection of a plumb lins. The nev surface S' will char-
acterize the shape of the eaxrth in a secoml approxizavicn; If necearary,
further approximations can be cbtained.

in conclusion, I wish to express my g:atituds to k. N. Pariyskiy
for his valuable sivice.
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