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DIFFUSION FIELDS IN A TOROIDAL CONDUCTING SHELL
OF CIRCULAR CROSS SECTION

1. Introduction

Over the years abundant analytical work has been done on the diffusion of the mag-
netic field in hollow circular cylindrical conductors of infinite length!~3, and has led to
the understanding of the diffusion process in such a geometry. Much less attention has
been given to the diffusion of fields in toroidal vessels. As a rule, the diffusion problem
through toroidal chambers is more complex than through cylindrical conductors. The dif-
ficulty in toroidal geometry is due mainly to the application of the boundary conditions
in the inner and outer surfaces of the torus. However, when the wall thickness of the
torus becomes small in comparison to its minor radius, i.e., for a conducting shell, then
the problem simplifies considerably. The toroidal shell approximation has been used to
compute analytically the magnetic field of two toroidal segments, that carry known time
independent currents. In this paper, we have extended the work of P. Rolicz et al.? to
study the diffusion of fields through toroidal conducting shells.

The analytic results are further simplified under the additional assumption of a small
aspect ratio toroidal conducting shell. To the lowest order on the aspect ratio, our work
indicates that the diffusion of fields through a conducting shell of conductivity o, major
radius ro, minor radius ¢ and thickness d,,, depend on three characteristic times 79, 7,
and 72, where 7; = pooad,, /2 (diffusion time), 70 = 271[{én(8r0/a) — 2| (L/R time), and
7o = 71/2. In contrast, the diffusion process in cylindrical shells depends on a single
characteristic time (7).

It is well known that there is a time lag between the magnetic field in the interior of
the conducting shell and the externally applied magnetic field. This time lag can be easily
measured in the laboratory and therefore is a useful physical quantity. When the transient
phase of the diffusion process is over, the time lag becomes independent of time and is
called the delay time 74. For a linearly rising applied magnetic field the delay time for a
cylindrical conducting shell is equal to 7;. On the other hand, in a toroidal conducting
shell the delay time depends on both 79 and 7; and also on the flux condition, i.e., the
ratio ot the average field to the local field on the minor axis. Specifically 74 = (7o +371)/2
for the special case of a field that satisfies the betatron flux condition, i.e., when the value
of the flux condition is equal to two.

In contrast to the field, the current flowing on the wall of the conducting shell depends
only on 79. Thus, by measuring experimentally the delay time of the fields and also the
rise time of the wall current, all characteristic times can be determined.

Manuscript approved August 9, 1990.




The results of the analysis have been compared with the predictions of the two-
dimensional finite difference numerical code TRIDIF®. The agreement between theory
and numerical computation is fairly good, in spite of the fact that the theory was done
for a toroidal conducting shell, while in the numerical computation the torus had finite
thickness. Specifically, the delay time predicted by the analysis is approximately 5% longer
than the prediction of the code. Similarly, the temporal profile of the wall current from
the analysis and the TRIDIF code agree to within a few percent. However, the temporal
profile of the external field index and flux predicted by the theory and the code are in good
agreement after a few delay times but not initially.

The delay time predicted by the theory and the code has been compared with the delay
time measured in the toroidal chamber of the NRL modified betatron. For the parameters
of the NRL device, the computed delay time is 37 usec, while the measured delay time is
34 usec. The less than 10% difference between the two delay times is probably within the
uncertainty of the measurement.

In Section II, the theory is developed and a comparison is made with the numerical
results obtained from the TRIDIF code. Section III contains a description of the NRL
toroidal device and of the coils that generate the external magnetic field, and the measured
quantities are compared with the theoretical results. Finally, in Section IV, the conclusions

are presented.

II. Theory and Comparison with Numerical Results

The diffusion fields are computed near the minor axis of the circular cross section,
toroidal conducting shell. As shown in Figure 1, the conductor has a major radius ro, a
minor radius a, wall thickness d,,, where d,, << a, and conductivity 0. In the presence
- of an external magnetic field which is axisymmetric and time-dependent, the diffused
magnetic field inside the conductor is described by the diffusion equation

A

—) 6 —‘=— va
V x x A p,oaat, (1)

where the vector potential A has only one nonzero component Ay that depends only on the

cylindrical components (r,z) and on the time. The magnetic field components are given

by

_94
0z’

10rAg
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B, = (2a)

(20)
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while the electric field is equal to

Eo = —-—at—. (3)

Equation (1) is identical to Ampere’s law combined with Ohm’s law inside the con-
ductor. In the special case, when the toroidal conductor is a shell, i.e., when d,, << a,

this equation can be integrated and provides the first boundary condition, i.e.,
7 X (B'out _ B’in) — uoadwE'?in’ (4)

where 77 is the unit vector normal to the conducting wall and directed towards the region
outside the conductor and u¢ is the permeability of the vacuum. The second boundary
condition is obtained from the requirement that the electric field is continuous across the
boundary, i.e.,

E™ = B, (5)

For a small aspect ratio a/rqg vessel, it is appropriate to use toroidal coordinates. The

cylindrical coordinates (r, z) are related to the toroidal coordinates (n, £) by:

_ sinhn
T= bcosh n—cosf’ (6a)
2= p—_"m& (6)

coshn —cos &’

where b is a constant. These relations can be easily inverted, namely:

e = (1&)2 B Gl e (70)

ro)  (r+b)2 422’

e Tcos = % (l - g) + % ( + g) e 2. (78)

From Eq. (7a), we see that for fixed n, the coordinates (r, z) describe a - :cle whose radius

is b/ sinhn. If for n = no this circle coincides with the toroidal shell whose minor radius is

2|2
a, then it is straightforward to show that b = rg [1 — (ri) . The points (n, £) outside
0

the toroidal shell are determined by the inequality n < 7o, while the points inside the
hollow region of the shell are determined by n > 7. In both regions, the right hand side
of Eq. (1) is zero and, in toroidal coordinates, this equation reduces to

1 0 [ heho OAs 8 [ hehy 8Ag 1 ~
hphehs [817 ( hy, 0n )+ EY; ( he OF )] tho =0, (8)
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where
b

" coshn —cos ¢’ (9e)

bsinhn
ho = coshn —cos ¢’ (9)

If we set Ag = b(cosh — cos 6)%17' (n, €), then the differential equation satisfied by F(n, £) is
a separable equation and its solution can be expressed in terms of the toroidal functions.

Specifically, the solutions of Eq. (8) in the two regions inside and outside the toroidal shell

are:
in i - 1
Ay = b(coshn — cos £) 2 z emam(t)Qm_% (coshn) cosm¢, (10a)
m=0
o0
AQYt = AS® 4+ b(coshn — cos E)% E embm(t)P;t_% (coshn) cos m¢, (100)
m=0

1

whereep =1, ¢, = 2whenm = 1,2,3, ..., P;,_§(cosh ")’Qm—l,-

(cosh n) are the associated
Legendre functions of the first and second kind, respectively, and A$**(n, &, 1) is the vector
potential associated with the applied external field. The time-dependent parameters am(t)
and b,,(t) are determined from the boundary conditions. Since the £-component of the

magnetic field is equal to

1 8
— —h 1
hnhs O 0 4o, (11)

and the external field is zero at t = 0, the boundary conditions of Egs. (4) and (5),

Be =

expressed in terms of the vector potential A, become:

A?(”O» ea t) = Agut(UOs E’ t), (120,)

%i (Agut(n,fst) - A‘é"'(f],f,t))

611?‘('10, fs t)
T = ———
on (coshn — cos €) 2

ot

(coshmg ~ cos €) (12b)

n=no
where 7 = uoodyb.

In the following, we shall assume that there are no external current coils very near
the toroidal conductor or inside it. If 5. is the toroidal coordinate of the coil nearest to

the minor axis, and such that n. < no, then the external vector potential A{** is given by
oo
A§™t = b(coshn — cos f)% Z emacst (t)Q,ln_ L (coshn) cosm¢, (13)
m=0

for all n > .. The time-dependent parameters a¢>!(t) are known and are associated with

physical properties of the external field, such as external field index, flux condition, etc.
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Now, it is straightforward to compute the unknown coefficients ay,, b,, from the bound-

ary conditions. From Eq. (12a) we obtain

(am — aift) QL _ s (cosh no)

b 14
P'}‘_% (cosh no) (14)
Similarly, Eq. (12b) together with Eq. (14) and the identity®
. dPiz_%(u) pi dQ’ln_%(u) B am? — 1
Qm-%(u)—:i—z_l,— - ""‘%(u) du - _4(u2 -1)’ (15)
leads to the following set of coupled differential equations for a,,:
1
. 1 . 1 1 @ 1 (cosh no) oot
— - — ntT — - 6 \
0 To (a0 —a§™) + 7o cosh 1o Q}_%(COShWO) (a1 - a™), (16a)
1
. 1 ezt 1 1 Qm_ 3 (COSh 770) ext
T (m = ai) + Tm—12coshno Q! _, (cosh o) Fm-1 = m—1
1 1 Q@ y(coshno) st ) 168
Tm+1 2coshno Q1 (coshnpo) Gm+1 = Gmt1) (
2
where m = 1,2,3,... and
47 tanhno , 1
Tm = — m—i—Qm_%(cosh ﬂo)P _%(cosh 170). (17)

The toroidal functions P _ 3 and Q7 _, appearing in Eqs. (16a), (16b) and (17) are
2

given by the following exact expressions®:

Pn_y(coshn) = ——2 Im)__(sinh p)metm=n=bn

7il(m—n+ 1)

m—1 1 1
(n+3)s(n—m+3)s _,
*(1 ~ 6mo) E 2 e “n
[e o]

(sinhp)"e~(mHn+iin "

a=0

(-)"2" " I'(m+n+ %)
73T (m + 1)

(n+ De(m+n+3)

8 e—2an
sl(m + 1),

5




—1)n2n n+d
eyl = ST

n (sinhn)ne—(m+n+-§)n
3

*Z(n+2) (m+n+2)‘ —2"]

)
2 ATCEEI (186)
where

(@) =ala+1)(a+2)(fe+s—1), (a)o=1, (19q)

1e-1
Up = 5 Z %’ uo = 0, (lgb)

k=1

G |

v,,=kz=:12k_1, vo = 0. (19¢)

For m = 0, the first term in Eq. (18a) is omitted, since §,,, = 1 for m = n, and é,,, = O for
m # n. The expressions above are appropriate for the region inside the toroidal conductor,
i.e., for n > no, as well as on its surface.

Up to this point the results are exact. For small aspect ratio a/ro,e™"° = (ro + a —
b)/(ro + @ + b) = a/2r¢ << 1. Thus, to the lowest order in the aspect ratio, Eq. (17)

becomes

7o = 27p ‘:Zn-82 - 2] , (20a)
a
™D
Tm = —, 20b
m=2 (208)
where m =1,2,3,..., and
d
D = —‘”002 wa. (21)

The time 7o is the L/R time of the toroidal conductor, while 7,, are the higher order
diffusion times.
An approximate expression for A}® can be obtained from Eq. (10a) by keeping terms

up to order €27, i.e., up to second order toroidal corrections. Making use of the identity®

(coshn — cos €)% = Z e€mCm(n) cosmé, (22)

where \/_ -
Co(n) = 2: (1+e27) [ 1(coshn) — i—f;_—z;Q%(cosh 17)] , (23a)
Cm(n) = 2%?-6"(1 + e (23b)




-n

* [Qm_%(cosh n) — ﬁej; (Q,,,_g(cosh n) + Qm+%(cosh 17))] ,

and also of Eq. (18b), a lengthy calculation leads to the approximate expression

: 3
A‘en = —Lb [ao + 5((10 - 01)6—2" (24)

2V2

1
—(ap — 3a1)e " "cos § — Z(ao + 6a; — 15a2)e %" cos 25] .

2
Using Eqgs. (7a), (7b) and keeping terms up to order (1 - g) and(z/r)z, Eq. (24) reduces
to
in . b
Ayt = ———=b|ao ~ =(ap — 3a1)(1 — ;) (25)

1 b 3 z
B 15 _ %2 3 _ 2.2
+16(ao+ az)(1 r) + 16(a.o+4¢11 5a2)(r) ],
i.e., the approximate Af," has been expressed in terms of the cylindrical coordinates (r, z).
The magnetic field components near the minor axis are determined from Egs. (2a) and

(2b) and are equal to
z

Bi™ ~ ~B.onp-, (26a)
r
in b
B)* =~ B;o |1 —np(1— ;) , (26b)
where
.1
B;o = ———=(ao + 3a,), 27a
0=-7 \/5( 0 + 3a;) (27a)
is the vertical field component near the minor axis and
3 4ay — 5
np = dag +4a az ’ (278)

4 ao + 3a,
is the field index. To first order in a/ro, the magnetic flux ®o through the area 772 op the
midplane is
Qo = 27rroAf,"(ro,0,t) (28)

s
~ —27rr2—a.o
°2v2
Defining ep by means of the relation ®¢ = 2772 B,o(1 — €p), the vertical component of the
field on the minor axis can be written

Bzo(l - CD) = ——7r—-a . (29)

22 0




The parameter e¢p is a measure of the flux condition. When e¢p = 0, the betatron flux
condition is satisfied.

The quantities ag,a;,az are determined completely by the magnetic field, the field
index and the flux on the minor axis, and, therefore, are parametric representations of
these physical quantities. But the vector potential that describes the external field in Eq.
(13) has exactly the same form as AY® in Eq. (10a). Therefore, if By, n and ®§* =
2772 Bo(1 — €) are the external field, external field index and external flux on the minor

ezt ert

axis, then a§*, af*t and a5*' can be expressed as follows:

ext 2\/—

ag™ = ———Bo(1 —€), (30a)
a$™t = 2\/-Bo(l +€), (300)
af™t = — -21—5£Bo(7 — 8n + €). (30¢)

These expressions are used in solving Egs. (16a), (16b). It is assumed that only Bq
is time-dependent. This is a valid assumption provided that the coils that generate the
external field, carry the same current and are filaments, i.e., there is no diffusion process
associated with them.

All the physical quantities of interest have been computed to first order in toroidal
corrections. Therefore, it is sufficient to compute the parameters ao, a;, a2 to first order

in a/rg. If all terms of order e~2"° or higher are omitted, Egs. (16a), (16b) become

1

ao =~ ——(ao — af*), (31a)
To
. 1 ext 1 2m ezt
o —— - Qo1 — , 316
am . (am ar’) Ty 2m + 1( m-1= 0y 1) (318)

where m = 1,2. This system of equations can be integrated easily. Under the initial

conditions a,, (0) = 0, the solutions for 7, = 71 /2 are:

242
d0 = -22(1 - 940 (320)
2\/‘ 2a 2a
a = 3” |:<l+£_i——:—;(1—£)) A1+'1—:-2(1-€)A0:| , (32b)
2V2 8a \
a2 = ~ - [(7-—8n+e—4(1+e)+2__&(1—6)/ A2

8




+ ( (1+€)— -—‘-";(1 - e)) A+ g 03‘("2 e 1- e)Ao] , (32¢)
where
a= T—l, (33a)
To
and .
A, = i ~t/tm [ ¢t'/7m Bo(¢')dt. (33b)

Substitution of ag,a1,a; into Eqs (27a), (27b) leads to

B,o=(% - )(l—e)Ao-i—[l (; o )(1-5)}A1, (34a)

()= o= (34 )0
<%+l—f;)(l—€)Ao+[ —('2‘+1__;)(1—5)]A1

Another interesting physical quantity is the surface wall current density, which is given

np = (34b)

by '
Joo = _gdwa_AQﬁo’_E_ﬁ. (35)
ot
To first order in toroidal corrections, Egs. (25), (31a), (31b), (32a), (32b) give
Joom a1 — (40— Bo) = | (44 0 =2 ) (1-€)(do~Bo)  (36)
0N €)(Ao 0 1 a 0 0

~(1+e-22u-a) (4 - Bo)| Zcoss,

where cos¢ = (r — r0)/a and r is the radial position of any point on the wall chamber.

" The wall current is equal to

2r
I= Jegadd (37)
0
4
= 27To a(l — €)(Ao — Bo).
Ko
As a first application, consider a rising external magnetic field that reaches a constant
value, i.e.,
Bo(t) = bo(1 — e H/Te=t). (38)
From Eq. (33b), we have:
1 _ Tm/Text _
Am = bo [1 o= A ﬁfi—e ‘/'m] : (39)




For t >> 7.zt and t >> 7y, the coefficient A,, = bp and from Egs. (34a), (34b), B.o = bo
and np = n. Also the wall current goes to zero. All three conclusions are as expected.

For a sinusoidally varying field

Bo(t) = bosinwt. (40)
the coefficients A,, are given by
Ay = —~—b—0-— [sin wt — WTy, coswt + wrme—t/’"'] (41)
1+ (wrm)?

After a long time, i.e., for t >> 7,,, the external field and the field on the minor axis are
not in phase, but their phase difference remains constant. On the other hand, for small
times, i.e., for wt << 1 and ¢t << 7, the coefficients A, =~ bowt?/27,, and the field index

becomes
16n — (5a + 6)(1 —¢€)

np{t =0) = . 42
p(t=0) 42— (1+ a)(1 - €)] (42)
Furthermore, assuming that wr,, << 1 and wt << 1, but not ¢t >> 7,,, we obtain
A 2 bow [t —Tm(1— e"/’"‘)] , (43)
and
- -1
B.o = bo [t —Td+ AL Sl Toe—tlro — zi—grle‘t/ﬂ} ’ (44)
To— T To— 7
where the delay time 74 is equal to
1- 3 -
St Rt 1Y (45)

2

In { ntrast, the delay time for a cylinder of infinite length is equal to the diffusion time.
It is apparent from Eq. (45) that in the case of the toroidal conducting shell, the delay
time depends linearly on both the L/R time 74 and the diffusion time ;. In addition, for
a toroidal shell, B,o has an exponentially decreasing dependence on both times 79 and 7y,

while the wall current, from Eq. (37), depends only upon 7, i.e.,

_ __47”'0 _ _ —t/70
I= ” wrbo(1l — €) (1 e ), (46)

i.e., it reaches exponentially its maximum value with the L /R time 7o.
A direct comparison has been made between the theory presented above and the

numerical results from the 2-dimensional TRIDIF code. The set of parameters used for

10




the comparison are listed in Table I. For these parameters, Eqs. (20a), (20b), (45), give
7o = 11.28 usec, 71 = 2.95 usec, a = 0.26, and 74 = 10.42 usec. The solid curves in Figs.
2(a)-2(d) show Bo, np, ®5/(nr2Bz0), and I as a function of time . In the computer run,
the inner minor radius of the toroidal conductor is 15 cm and the outer minor radius is 17
cm. In the region of the chamber, the mesh has a cell size Ar = 0.5 cm, Az = 1.0 cm, but
further out it is much less dense. Thus, in the radial direction there are 157 mesh points
over a distance of 300 cm, while in the vertical direction there are 71 mesh points over a
distance of 200 cm, and the time step used is At = 0.5 usec. Advantage is taken of the
midplane symmetry, i.e., the calculation is confined to the region z > 0. The external field
is generated by current filaments (coils) located at the same positions as in the modified
betatron experiment. All the coils carry the same current and have the same sinusoidal
dependence. In the absence of the toroidal chamber the maximum vertical field generated
by these coils on the minor axis, i.e., at r = 100 cm, 2 = 0, is Bg = 1267 Gauss, when the
maximum current through the coils is 40 kA. This is the value of bg used in the theory. In
the absence of the toroidal chamber, these coils generate a field index of 0.54 on the minor
axis and an € = —0.067, but the values chosen in the theory are slightly different, so that

at times t > 30 usec the theoretical and numerical np and ®¢/(7wr2B,o) are identical.

The dashed curves in Figures 2(a) — 2(d) give the predictions of the code for B,o, np,
®o/(nriBo) and I as a function of time. The straight line in Fig. 2(a) is B0, when
= 0. The numerical delay time, obtained from Fig. (2a), is 9.7 usec as compared to
the theoretical valug of 10.42 usec. The small difference is attributed to the fact that
70 and 7; depend on the volume of the numerical integration. It should be noticed that
in the numerical calculation the integration has been carried inside a cylinder of radius
300 cm and of half-height 200 cm, while in the theoretical work the integration has been
carried out over the whole space. To obtain some insight into this effect, let us look at
the diffusion through a cylindrical conducting shell of infinite length, where the region of
the numerical integration is limited within a perfect conductor located at a radius r;. The
diffusion time is equal to 7p [1 — (a/ rl)z], where a is the radius of the conductor and 7p
is given by Eq. (21). It is apparent that the diffusion time decreases as the volume of the
integration region decreases, and, therefore, the inductance of the system decreases. As
another example consider a toroidal conducting shell, with a region of integration confined
within a perfect conductor located at » = 7n; and therefore the radial positions r are
limited to the values between ry min = btanh(n,/2) and 71 maz = beoth(n;/2). All the

theoretical results obtained above remain the same except for the L/R time in Eq. (20a)

11




8 2
that is replaced by 27p [Zn—? -2 (-ﬂ“> ] Again, the L/R time (but not the

271 mazx
times 71, 72) decreases as the volume of the integration region decreases and so does 74.

In the example given above the region for r < rym,i, is excluded, while in the numerical
results this region is included. For this reason, the comparison of the numerical results
is made with the theoretical results for the whole space rather than a finite region of
integration. The largest discrepancy between theory and numerical computation is in the
field index for small times. This could be due to the large time step (0.5 usec) that was
used in the numerical integration or to the fact that the field index is computed from the
second derivative of the stream function r Ay and this function is not accurately computed
initially by the code. The same argument is applicable to the smaller discrepancy, for
short times, in the quantity ®o/(7rZBo). Over all, however, the agreement is fairly good

between theory and numerical computation with the TRIDIF code.

III. Experimental Results

This section brielfy summarizes the measurements on the time delay of the vertical
magnetic field caused by the vacuum chamber of the device and compares the experimental
results with the predictions of the theory and that of the computer code.

The NRL modified betatron comprises three different external magnetic fields; the
betatron field that is a function of time and is responsible for the acceleration of the
electrons, the toroidal magnetic field that varies only slightly during the acceleration of
the electron ring and the strong focusing field that also has a very weak time dependence.
These three fields have been described previously. However, for completeness we briefly
describe in this paper the vertical field and the vacuum chamber.

The betatron magnetic field controls mainly the major radius of the gyrating electron
ring and is produced by a set of 18 air core (see Fig. 3), circular coils connected in series.
Sixteen main coils and four trimmers are used to generate a field configuration with a flux
condition equal to 1.92. Their total inductance is approximately 343 uH. The coils are
powered by an 8.64 mF capacitor bank that can be charged up to 17 kV. At full charge,
the bank delivers to the coils a peak current of about 45 kA. The current flowing through
the coils produces a sinusoidally varying field having a quarter period of 2.6 msec and its
amplitude on the minor axis at peak charging voltage is 2.1 kG. Immediately after the peak
the field is crowbarred with a 4.5 msec decay time. The temporal profile of the vertical

field is shown in Fig. 4.
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The flux condition and field index are adjusted by two sets of trimmers that are
connected in parallel to the main coils. The current through the trimmers is adjusted with
series inductors. Typically 10 — 15% of the total current flows through the trimmers.

The 100 cm major radius, 15.2 cm inside minor radius vacuum chamber has been
constructed using epoxy reinforced carbon fibers. The desired conductivity is obtained by
embedding a phosphor bronze screen inside the body of the graphite as shown in Fig. 5.
The graphite is 2.5 mm thick and has a surface resitivity of 26.6 m{) on a square. The
screen has 250 x 250 wires per inch and is made of 40 um diameter wire with an equivalent
surface resistivity of 12.8 m{2 on a square. The calculated resistance for the entire vacuum
chamber is 57 mQl. The measured D.C. resistance of the toroidal vacuum vessel is 68 + 2
mf). The outside surface of the chamber is covered with a 6.3 mm thick, epoxy reinforced
fiberglas layer. Figure 6 is a photograph of the vacuum chamber.

This novel construction technique has several attractive features, including control-
lable resistivity and thus magnetic field penetration time, high stiffness and tensile strength,
high radiation resistance (up to 500 Mrad) and low outgassing rate (~ 10~8 Torr/sec-cm?).

The vertical magnetic field is monitored with a small magnetic probe that is located on
the minor axis. The probe has been wound of gauge 35 copper wire, it has approximately
600 turns, its measured inductance is 6.2 mH and its measured internal resistance is 43 {2.
The output of the probe is fed to a passive integrator with a time constant of 20.5 msec.

To improve the time response of the probe the 501 terminator at the input of the
integrator has been omitted. Oscillations in the output signal have been avoided by locating
the oscilloscope approximately 2 m away from the probe, inside an aluminum housing
cladded with mu metal.

Results from the measurements are shown in Fig. 7. The lower trace is the output
of the probe when it is located inside the vacuum chamber and the upper trace is the
output of the probe after the chamber is removed (vacuum field). It is apparent from the
oscillogram that after approximately 60 usec the two signals are parallel and the lower is
delayed from the upper by 34 usec.

For the parameters of the vacuum chamber, and when the flux condition ¢o/ mriBso
is equal to 1.92, i.e., for ¢ = 0.04 both theory and the computer code predict a time delay
of 37 usec. The less than 10% difference between the two delay times is probably within
the uncertainty of the measurement.

In addition, we broke the electrical continuity of the vacuum chamber by unbolting

the joint of two adjacent sectors. The probe was placed on the minor axis with its axis of
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symmetry on the vertical plane that passes through the svmmmetry plane of the gap. The
intermediate trace in Fig. 7 shows the output of the probe for this measurement.

It is expected that at the symmetry plane of the gap the magnetic field to be identical
to the vacuum field. However, due to various constraints, the diameter of the probe and the

gap width are approximately equal and thus the measured field is lower than the vacuum
field.

IV. Conclusion

The diffusion of the magnetic field through a toroidal conducting shell has been studied
under the assumption of a small aspect ratio. The external magnetic field can have an
arbitrary field index and magnetic flux on the minor axis of the torus. The diffused field,
field index, magnetic flux and wall current were computed analytically and compared
with the numerical results from the TRIDIF code. Three time constants determine the
evolution in time of the diffusion process, namely, the L/R time 7o, the diffusion time 7,
and 72 = 71 /2. The delay time depends linearly on 7o, 71 and also on the flux condition of
the external field. The analytic delay time was larger to that computed from the TRIDIF
code. The difference is attributed to the finite volume of the region of integration in
the numerical computation which causes the inductance of the system to be smaller. In
general, the agreement between the theoretical and numerical results is quite good.

A measurement of the delay time in the toroidal chamber of the NRL modified be-
tatron gave a delay time( approximately equal to 34 usec, i.e., less than 10% smaller from
the theoretical value of 37 usec.

In conclusion, we have seen that the diffusion process in the toroidal conducting shell
is much more complicated than that in a conducting cylinder. Therefore, the results for a
cylinder cannot be generalized to apply to a toroidal device. The case of the torus should

be investigated on its own merit.

14




Table 1.

Parameters for the diffusion theory.

Torus major radius, ro (cm)

Torus minor radius, a (cm)
Chamber wall thickness, dy, (cm)
Torus wall conductivity, ¢ (mho/cm)

Amplitude of sinusoidal

external magnetic field, by (Gauss)
Period of external magnetic field, T (usec)
Field index of external magnetic field, n

Flux condition parameter

of external magnetic field, ¢

15

100

16

14.666

1267

104

0.53

-0.05
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Fig. 2 — Temporal profiles from analysis (solid line) and computer code (dashed line).
(a) vertical (betatron) fieid, (b) field index, (c) flux condition, and (d) wall current.
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VACUUM CHAMBER WALL COMPOSITION

See Detail A
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Fig. 5 — 30° sector of the vacuum chamber and details of wall construction
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Fig. 6 Photograph of the epoxy reinforced-carbon fiber vacuum c.amber
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g 7 Measured vertical magnetic field vs. time of the minor axis (r = 100 cm.. z = 0) of the
toras. Botom trace: Inside the complete vacuum chamber with a gap. Top trace:  Atter the
removal of the chamber (vacuum field).
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