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8 Zhu algebra

The ultimate goal of the representation theory of a vertex algebra is to
determine the category of its modules. In this section, we make the first
step towards the goal, but we need to narrow down our attention as well.
Recall that a vertex operator algebra V' is Z-graded, but we assume that it
only has non-negative degrees:

V= é V.
n=0

We also focus on modules that have a non-negative grading.

In such a setting, we can define an associative algebra A(V') associated
to V, called the Zhu algebra of V and see that finite-dimensional simple
A(V)-modules and simple V-modules are in one-to-one correspondence up
to isomorphism.

Reference:

e Y. Zhu, “Modular invariance of characters of vertex operator alge-
bras”, J. Amer. Math. Soc. (1996).

8.1 Modules over VOAs

Let (V,1,Y,w) be a vertex operator algebra. As we have already declared,
V' is has a non-negative grading. Recall that we write dega = n if a € V,,.
Also, for such a homogeneous element a, the corresponding operators have
clear degrees

degag,) =dega—n—1, ne€Z.

To define a module over such a VOA, we require that these degrees of oper-
ators are transferred to a representation space.

Definition 8.1. Let (V,1,Y,w) be a vertex operator algebra as above. An
N-graded module over V' is a module (W, Yy ) over V as a vertex algebra
such that the following conditions are satisfied:

e the vector space W is N-graded:

W= W, dimW,<oco,neN, Wy#0,
n=0



e with respect to this grading, each operator a}’g) has the degree

dega}% =dega—n—1,
for a homogeneous a € V.

If M =@, M, and N = ,”,N,, are N-graded V-modules, a mor-
phism f: M — N is a linear map with the following properties:

e forallace V,we M, necZ,
Flalw) = all, f(w).

e there is k € Z such that f(M,) C N4 for all n € Z.

The image of a morphism f: M — N is called a submodule of N (so the
category of N-graded modules is closed under quotient). We say that an
N-graded V-module M (= 0) is simple if its submodule is either 0 or M.

By the Jacobi identity, when we set LM = wg\gﬂ), n € 7, they form a
representation of the Virasoro algebra on M, but the grading parameter of
M is a priori nothing to do with the eigenvalues of Lé” , and we do not even
require that L(])V[ is diagonalizable in contrast to the VOA itself. However,
for a simple module, the grading something to do with the eigenvalues of
L.

Theorem 8.2. Let M = @, , My, be a simple N-gradable V -module. Then,
there exists h € C such that

LYy, = (h+n)dy,, neZ.
Proof. (— Exercise.) O

Ezample 8.3. Let (Fy,1,Y,w) be the Heisenberg VOA. Recall that the pair
(Fa, Yy, ) for each A € C is a module over Fy as a vertex algebra. For each
n € N, let us set

(Fa)n = Span{oz_n1 ey, |A) ‘ El:nz = n}
i=1

Then, the pair (Fxy = @, _c(Fr)n, Ys,) is a simple N-gradable Fy-module.
In fact, from the Jacobi identity, we get

[Lost*, azj)] = (dega —n — 1)a‘§j)

for all homogeneous a € V and n € Z. This proves
2

A
LM gy = (2 + n) Idy,, neN



and

degagj) =dega—n—1

for a homogeneous a € V and n € Z.
A submodule N C &) is preserved by all operators a? aeV,nelZ,

n)’
in particular by h. Since F is an irreducible representation of h (Exer-
cise 1.2.3), it must be a simple Fp-module as well.

8.2 Zhu algebra and modules

Definition 8.4. Define bilinear maps
*: VXV =V, o:VxV-sV

by

x

(z+ 1)deg“b>

22

axb=[z71 <Y(a, x)ml)degab> :

aob= [z <Y(a, )

for homogeneous a € V and b € V.

Note that (2 +1)9°8% is a polynomial in 2 under our assumption that V’
only has non-negative degrees.

Theorem 8.5. Let us set O(V) = {aobla,b € V} and A(V) = V/O(V).
Then, we have the following.

(1) (A(V), %) is an associative algebra, i.e.,

oV)xV coO(V), Vx0O(V)cCO(V),
ax(bxc)—(axb)xceO(V), a,bceV.

(2) 1] =14 O(V) is the unit of (A(V),x).
(3) [w] =w+ O(V) is a central element of (A(V),x).

Definition 8.6. The associative algebra (A(V), %) is called the Zhu algebra
of V.

Theorem 8.7. Let M = @, M,, be an N-gradable V -module. For a ho-
mogeneous a € V', we write o(a) = aé\geg a—1) and extend the symbol linearly.
Then,

V — End(Myp); aw o(a)

induces an action of A(V') on My, i.e., o(a)|p, =0 for alla € O(V) and
o(a*b)|r, = o(a)o(b)|m, fora,be V.



Theorem 8.8. Let W be a finite dimensional A(V')-module. Then, there
exists an N-gradable V-module M = @, , M,, with the following properties.

(1) Mo ~W as A(V)-modules.
(2) If N C M is a submodule such that N N My = 0, then N = 0.

Theorem 8.9. Theorems and [8.8 induce a one-to-one correspondence
between finite-dimensional simple A(V')-modules and simple N-gradable V -
modules.

Sketch of Proof. Let W be a finite-dimensional A(V')-module. If we apply
Theorem we get an N-gradable V-module M = @77, M,, with My ~ W
as A(V)-modules. Furthermore, if W is simple, then so is M.

Conversely, let us start with an N-gradable V-module M = @,~ o M,

If we apply Theorem . g to Mp, we get an N-gradable V-module M =
b, M,, with My ~ M as A(V')-modules, but we cannot say that M ~ M.

However, if M is simple, then My is simple as a A(V)-module and M is
also a simple module. Furthermore, we can construct a non-zero morphism
M — M, but since they are irreducible, we must have M ~ M. O

8.3 Example: Heisenberg VOA

Theorem 8.10. We have an isomorphism of associative algebras
Cla] = A(Fo); aw [a_11].

Proof. See

e Frenkel-Zhu, “Vertex operator algebras associated to representations
of affine and Virasoro algebras”, Duke Math. J. (1992).

(The Heisenberg algebra is an affine Lie algebra.) O

Since Cla] is commutative, finite-dimentional simple Cla]-modules are
all one-dimensional. They are labelled by A € C: for each A € C, the
one-dimensional space Cy = C is equipped with the action of Cla],

a— A-Id.

On the other hand, [a_11] € A(Fo) acts on (Fy)o = C|A) by A\-Id. Therefore,
Cy and JF) correspond to each other under Theorem



8.4 Example: Virasoro VOA
8.4.1 Universal Virasoro VOA
Recall that the Virasoro VOA of central charge c is built on
V, = U(vir) /( 3" Ufvit) Ly, + U(oir)(C — c))
n>—1

and the Verma modules

M(e, h) = U(vit) /(Z U(vit) L, + U(vit)(Lo — h) + Ulvit)(C — c))

n>0

are modules over V. as a vertex algebra. It is not difficult to see that
they are N-gradable V.-modules, but are not necessarily simple (in contrast
to the Heisenberg case). In fact, for a certain choice of (¢, h), the Verma
module M (e, h) is reducible as a representation of the Virasoro algebra,
hence cannot be simple as Vi-module. (The V. action goes through the
action of the Virasoro algebra.) Nevertheless, we can always take the simple
quotient of M (c,h) and write it as L(c, h).

Theorem 8.11. There is an isomorphism of associative algebras
Clh] = A(Ve);  he [w].
Proof. See Frenkel-Zhu (1992), or

e W. Wang, “Rationality of Virasoro vertex operator algebras” Interna-
tional Mathematics Research Notices (1993).

O

Exactly by the same reasoning as the Heisenberg case, we can conclude
that L(c,h), h € C are all of the simple N-gradable V.-modules.

8.4.2 Minimal Virasoro VOA

The representation V, of the Virasoro algebra is not always irreducible, or
in other words, it is not a simple VOA. It is known from the representation
theory of the Virasoro algebra, when we set

2

c=cpg=1 —GM, p,q € {2,3,...} : coprime,

pq
V. is reducible, and its maximal proper submodule is generated by a singular
vector vy g € (Ve)(p—1)(q—1)- For this fact, see

e Iohara—Koga, “Representation theory of the Virasoro algebra”, (2011).



Let us write L. for the simple quotient. As the formula of ¢, , is symmetric
under exchanging p and ¢, we may assume p < q. If (p,q) = (2, 3), vp 4 lives
in (V.)2, which is spanned by L_21. and L. is the trivial representation.
Usually, we exclude this case. The submodule generated by v, , is also an
ideal of the VOA V., hence L. is still a VOA. The simple VOA L. with some
¢ = ¢pq is called a minimal Virasoro VOA.

From the general theory of the Zhu algebra, the Zhu algebra A(L.) is
the following quotient of A(V.):

A(Ve)/([vp,q])-

It can be shown (Wang, 1993) that, under the identification C[h] ~ A(V),
we can take a polynomial Gy, 4(h) of degree £(p—1)(g— 1) as a generator of
the ideal.

Theorem 8.12 (Wang). The following polynomial works as a generator of

the ideal:
p—1q—1

Gp,q(h) = (H H(h - hr,s)>1/2a

r=1s=1
where ) )
(sp—rq)*—(p—q)
4pq

hr,s = , 1,8 €.

Exercise 8.1. Show that Gy, 4(h) is a polynomial.

Corollary 8.13. The minimal Virasoro VOA L., , has 3(p — 1)(q — 1)
number of simple N-gradable modules, and they are covered by

Llcpg hrs), 7=1,....p—1,1<s<?

p

Ezample 8.14 ((p,q) = (3,4)). The central charge is ¢ = 1. The VOA L,
itself is a simple N-gradable module, so we of course have

hiq = haz=0.

The other non-trivial modules have the conformal weights

1 1
h2,1 = h1,3 = 5 and h2,2 = hl’g = E

Consequently, the polynomial G3 4(h) is

cuat <o 3) (o )



8.5 Proof of Theorem (Sketch)

It is instructive to see the following for an N-gradable V-module. Let
(M,Yar) be an N-gradable V-module. We suppress M from the notation
if there is no confusion. According to the direct sum M = @;2 My, a
functional ¢ € M is naturally extended to the whole M.

Lemma 8.15. For any a',...,a” €V, w € My, and ¢ € M;, we have

(e, Y(al,z1)Y (0%, z3)...Y (a™, Tn)W)
= <0(a1)*g0, Y(a?,x9)...Y (a", Tn)W)
+ Z Z leFdegal,i(xlv CCk) : <§07 Y(a2a xQ) o Y(a%i)a’k7 xk) o Y(anv xn)w> )
k=2 1=0
where "
Fn,i(xv y) = x_nag(;Z)xL_:lJ € C[$, y] [ZIS‘_I, y_17 (17 - y)_l]
forn,i e N.
Proof. (— Exercise) O

Notice that, in this formula, the right-most M, and left-most M are
preserved, but the number of Y inserted in the matrix element is reduced
by one. Therefore, we can recover the matrix element

<cp, Y (at,z1)Y (0%, x2) ... Y (a", xn)w>

only from the knowledge of the top space M.
The proof of Theorem goes as follows.
Step 1: We fist construct functionals

S: W@V @W — Clay, ..., o[, (2 — 25) 7Y

7

that pretend matrix elements by recursion in n.
For n = 0, there is a natural pairing

S=(—,—): W*@W — C.

Assuming that S is defined up to n—1, we define, for a',...,a" € V,w e W
and ¢ € W*,

n

(907 (a17 .%'1)(&2, .%'2) e (an’ xn)w)

(o(a')*, (a®, x2) ... (™, zp)w)

+ Z Z Fdegal,i<m17$k> ' S<907 (0’27 .’EQ) T (a’%i)akka) e (anu xn)w>

I
N



Step 2: It can be shown that the functions S satisfy the following property:

/ S(p, -+ (@™ ap_1)(@" xp) - w) (21 — xp)"dag_y
Cr41
:S(SOW"(ak_)lakaxk)”'w) (81)

(n

for any k. Here Cj is an integral contour that encloses only xj, but not
others nor 0.

() el1 --- eLfk_9 o Lf+1
Cr

We omitted the numerical factor ﬁ from the integral.

Step 3: We define M by the formal span
M = Span{b%il)---bl(il)w bl,...,bl eV,i1,...,ii €Z, w € W}
and extend S to W* @ V& @ M as follows: for
m= b%il) o bl(iz)w’
we set
S(p. (a', 1) -+ (a¥,zy)m)

:/C C5(80,(611,561)'-~(akjwk)(bljyl)-~-(bl,yz)w)y?‘-'yfldyr'-dyp
1 l

Here, each y; is integrated along C; that encloses 0 and all Cj of j > i. The
points 1, ...,z are outside these contours.

el1 --- oL

It is clear that still holds even if we replace w € W with m € M:

/ S(SO7 T (a’k717 xk*l)(aka q’.k) e m)('rkfl - xk)ndxkfl
Cry1

:S(gp,--'(a’(cn_)lak,mk)---m). (8.2)



Step 4: We define

Rad(M) = {m € M‘S(cp, (ay21) o+ (@ w)m) =0, TN

and
M = M /Rad(M).

It is clear that Rad(M) is stable under adding a symbol Ay, a €V, ne€Z
on the left. Therefore, if we define

Yy(a,z) = Z a(n)a:*”*l

nel

for a € V, it is considered in End(M)[[z*!]].

The claim is, of course, that the pair (M, Y)s) is the desired N-gradable
V-module. Proving that requires few extra works, but most importantly,
(8.2) implements the property

YM(a(n)b,x) = YM(a,x)(n)YM(b,:v), a,beV,nelZ

on M.
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